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As the main result of this paper, we prove that there exists a continuum with non-
trivial shape without any prime factor. This answers a question of K. Borsuk [K. Borsuk,
Concerning the notion of the shape of compacta, in: Proc. Internat. Symposium on
Topology and Its Applications, Herceg-Novi, 1968, pp. 98–104]. We also show that for each
integer n  3 there exists a continuum X such that Sh(X, x) = Shn(X, x), but Sh(X, x) =
Shn−1(X, x). Therefore we obtain the negative answer to another question of K. Borsuk
[K. Borsuk, Some remarks concerning the shape of pointed compacta, Fund. Math. 67 (1970)
221–240]: Does Sh(X, x) = Shn(X, x), for a compactum X and some integer n 3, implie
that Sh(X, x) = Sh2(X, x)?
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We assume the reader to be familiar with the basic notions and facts of shape theory that can be found in [5,6,12,22,7].
Recall that Y is a shape factor of X if there is Z with Z × Y of the same shape as X (in both pointed and unpointed
cases). The shape of X , Sh(X), is said to be prime, if it is non-trivial and cannot be decomposed into a product of two
non-trivial shapes (see, for example, [5, §34], [6, Chapter XII, §11], [7]; see also [12,22]).
In 1968 at the Topological Conference in Herceg-Novi K. Borsuk posed a question:
Problem. Does there exist for every Sh(X) = 1 a prime factor?
This problem was stated in several publications of K. Borsuk ([2, p. 101], [4, Question 1], [5, Problem (34.6), p. 136],
[3, Question 8]) and later, in the article of K. Borsuk and J. Dydak [7, p. 184]. It was also included in the collection “Open
Problems in Shape Theory” by J. Dydak, A. Kadlof and S. Nowak [11, Problem (5.1)].
In this paper we answer the above question showing that there exists a continuum X such that Sh(X) is non-trivial and
has no prime factor.
We also prove that for each integer n  3, there exists a continuum X such that Sh(X, x) = Shn(X, x), but Sh(X, x) =
Shn−1(X, x). This answers in the negative the following Borsuk question from 1970 ([5, Problem (34.7), p. 136] and
[11, Problem (5.5)]):
Problem. Suppose that Sh(X, x) = Shn(X, x), for some n 3. Is it true that Sh(X, x) = Sh2(X, x)?
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version. In both cases, the counterexamples are the same. In what follows, for the simplicity, the basepoints will be omitted.
The examples will be constructed as the character groups of discrete, torsion-free, countable, Abelian groups with suitable
properties.
The shapes of topological groups and the character groups in shape theory were studied, for instance, in the papers of
J. Keesling (for example [18,19]). The character groups were also applied to the cartesian products in the topology category
by W. Rosicki in [24].
2. Preliminaries
Recall that a group homomorphism f : A → S1, where S1 is the circle group, is called a character of A. The character group
(or the dual group), χ(A), of an Abelian topological group A is the group of all continuous characters with the compact-open
topology. If A is a locally compact, Abelian group, then the dual group, χ(A), is also a locally compact, Abelian group (cf.,
for example [23, Chapter 6]).
In this paper we will use the following properties of character groups (which can be found for example in [23, Chapter 6],
[14]):
(1) χ(χ(A)) ∼= A.
(2) For a ﬁnite, discrete group A, χ(A) ∼= A.
(3) A group A is discrete if and only if χ(A) is compact (see [23, Chapter 6, p. 235]).
(4) For a discrete group A, A is torsion-free if and only if χ(A) is connected (see [23, Theorem 46, p. 258]).
(5) For a discrete group A, A is countable if and only if χ(A) is metrizable (cf. [14, “Pontryagin duality”]).
(6) χ(A1 ⊕ · · · ⊕ An) ∼= χ(A1) ⊕ · · · ⊕ χ(An).
The rank of an Abelian group A is deﬁned as the maximal number of elements of A which are linearly independent
over Z . A ﬁnite set of elements a1, . . . ,ak in an Abelian group A is said to be linearly independent over Z if
∑k
i=1 niai = 0
implies that ni = 0, for all i = 1, . . . ,k. It is known that every Abelian group which is not a torsion group has maximal
linearly independent sets and the cardinality of all maximal linearly independent sets is the same (cf., for example [15,
Section 6]).
(7) If X is a compact, Abelian topological group, then dim X = rankχ(X) (see [15, Section 6], [23, Theorem 47, p. 259]).
A group is called indecomposable if it is non-trivial and cannot be expressed as a direct product A × B of two proper
direct factors A and B (cf. [17, Deﬁnition 3.1, p. 83], see also [16, Section 5]).
3. A non-trivial shape without any prime factor
In several of his papers K. Borsuk published the following problem (see [2, p. 101], [4, Question 1], [5, Problem (34.6),
p. 136], [3, Question 8], [7, p. 184], see also [11, Problem (5.1)]):
Problem. (K. Borsuk, 1968) Does every non-trivial shape have a prime factor?
We will show that the answer to this question is negative.
Theorem 1. There exists a continuum X such that Sh(X) is non-trivial and has no prime factor.
We begin by proving the following:
Lemma. The class of shapes of compact, connected, metrizable, Abelian topological groups is closed under shape domination.
Proof. Let G = χ(X), where X is a given compact, connected, metrizable, Abelian topological group. Then G is a discrete,
torsion-free, countable Abelian group (cf. Preliminaries). Each group of this kind is a direct limit of ﬁnitely generated,
torsion-free, discrete Abelian groups. Hence, G = lim−→{G j,h
j+1
j }, where G j are ﬁnitely generated, torsion-free, discrete Abelian
groups.
Furthermore, if A = lim−→{A j,h
j+1
j }, where A j are discrete Abelian groups, then χ(A) = lim←−{χ(A j),χ(h
j+1
j )} (in this case,
the inverse limit topology coincides with the topology as the Pontryagin dual), cf. [13, Lemma 3.1, p. 1040].
Then X = χ(G) is the inverse limit lim{χ(G j),χ(h j+1j )}.←−
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k+1
k }, then Sh(Y ) = Sh(Y ′),
where Y ′ = lim←−{Xrk ,q
k+1
k } (W. Holsztynski, see [6, Chapter IX, Corollary (6.2)]).
Thus, Y has the shape of the inverse limit lim←−{Xrk ,q
k+1
k }, where Xrk = χ(Grk ).
By the result of W. Scheffer ([26], see [19, Theorem 1.1]), if A is a compact, connected topological group, B a compact,
connected, Abelian topological group, and f : A → B is a continuous map, then there is a unique continuous homomorphism
from A to B homotopic to f .
Thus, Y has the shape of a topological group, which is the desired conclusion. 
Remark 1. Let A and B be compact, connected, Abelian topological groups. J. Keesling [19] proved that then:
(a) Sh(A) = Sh(B) if and only if A ∼= B , i.e. they are isomorphic as topological groups (see [19, Corollary 1.3, p. 351], cf.
[18, Theorem 2.1, p. 173]).
(b) Sh(B) Sh(A) if and only if there is a compact, connected, Abelian topological group C , such that B ⊕ C ∼= A (see [19,
Theorem 3.1, p. 355]).
From the lemma, we obtain the following:
Corollary 1. Suppose that Sh(Y )  Sh(X) and X is a compact, connected, Abelian topological group. Then there exists a compact,
connected, Abelian topological group Z such that Y ⊕ Z ∼= X as compact, connected, Abelian topological groups.
Proof. Suppose that Sh(Y )  Sh(X) and X is a compact, connected, Abelian topological group. Then, by Lemma, Y has the
shape of a compact, connected, Abelian topological group. By the result of J. Keesling (see Remark 1), there exists a compact,
connected, Abelian topological group Z , such that Y ⊕ Z ∼= X . 
Proof of Theorem 1. A.L.S. Corner ([9], see [15, Theorem 91.5]) proved that there exists a countable Abelian group G = 0
without any non-trivial indecomposable direct summand. The group G is torsion-free (cf. the proof of Theorem 91.5 in [15]).
Let X = χ(G). Then, by the Pontryagin duality, G ∼= χ(X) (see Preliminaries (1)).
The Abelian topological group X is compact. This follows from the fact that, if a given group A is discrete, then its
character group χ(A) is compact (see Preliminaries (3)).
Since G is torsion-free, X is also connected. Indeed, for a discrete Abelian group A, if A is torsion-free, then χ(A) is
connected (see Preliminaries (4)).
Moreover, X is a metric space, because if a discrete group A is countable, then a compact group χ(A) is metrizable (see
Preliminaries (5)).
(∗) Observe that X = χ(G) and G  0 imply that Sh(X) = 1.
For example, by the Pontryagin duality (see [25]), since X is a compact, Abelian topological group, we have Hˇ1(X) ∼=
χ(X) ∼= G  0. Therefore, Sh(X) = 1.
Another way of stating (∗) is the following: By the result of J. Keesling (see Remark 1(a)), Sh(X) = 1 implies that X ∼= 0
as compact, Abelian topological groups. Therefore χ(X) ∼= χ(0) ∼= 0 (cf. Preliminaries (2)). On the other hand, χ(X) =
χ(χ(G)) ∼= G = 0 (cf. Preliminaries (1)).
We will prove that Sh(X) has no any prime factor. Suppose that Sh(X1) = 1 is a direct factor of Sh(X), i.e., there is a
compactum X2 such that Sh(X) = Sh(X1) × Sh(X2). We will show that Sh(X1) decomposes into non-trivial factors.
By Lemma, we may assume both X1 and X2 to be compact, connected, Abelian topological groups. Then, by Corollary 1,
X ∼= X1 ⊕ X2, where X1  0.
We have χ(X) ∼= χ(X1) ⊕ χ(X2) (cf. Preliminaries (6)).
Thus, G = G1 ⊕ G2, where Gi ∼= χ(Xi), for i = 1,2. The group G1 is non-trivial. To see this, observe that G1 ∼= 0, implies
that X1 ∼= χ(G1) ∼= 0 (see Preliminaries (1) and (2)). Then Sh(X1) = 1, which contradicts our assumption.
Since G has no indecomposable direct summands, G1 decomposes into two non-trivial direct summands, i.e., G1 =
G1,1 ⊕ G1,2, where G1,1 = 0, G1,2 = 0.
Let X1,1 = χ(G1,1), and X1,2 = χ(G1,2). Then X1 = χ(G1) ∼= χ(G1,1) ⊕ χ(G1,2) ∼= X1,1 ⊕ X1,2, as compact, connected,
Abelian topological groups (cf. Preliminaries (6)). Hence, obviously, Sh(X1) = Sh(X1,1) × Sh(X1,2) (cf. Remark 1(a)).
The shapes Sh(X1,1) and Sh(X1,2) are both non-trivial, because the groups G1,1 and G1,2 are non-trivial (see (∗)). Thus
Sh(X1) decomposes into two non-trivial factors Sh(X1,1) and Sh(X1,2) so it is not prime.
We have proved that every non-trivial shape factor of Sh(X) decomposes into two non-trivial shape factors. In particular,
this is true for Sh(X).
Thus Sh(X) has no any prime factor. This ends the proof. 
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(see [19, Theorem 4.1, p. 355], cf. Preliminaries (7)). Thus, for the continuum X in the above proof, Fd X = ∞.
Remark 3. It is known that every torsion-free Abelian group G of ﬁnite rank is either indecomposable or the direct sum of
a ﬁnite number of indecomposable groups (E.L. Lady, 1974; see, for example [16, p. 680]). Thus, by the above method we
cannot construct a compact Abelian topological group X with Fd X < ∞ without a prime factor.
Let us ask the following questions:
Problem 1. Does there exist a compactum X with non-trivial shape and with Fd X < ∞ without any prime factor?
Problem 2. Does there exist an X ∈ FANR with non-trivial shape without any prime factor?
Problem 3. Does there exist a polyhedron P with non-trivial homotopy type without any prime factor?
It is the author’s understanding that the following question is also open:
Problem 4. Does there exist a ﬁnitely presented group G = 0 without a direct indecomposable factor?
Remark 4. The answer to the above question is negative if G is polycyclic-by-ﬁnite (for example, by [20, Lemma 1]). Sim-
ilarly, the solution to Problem 2 (Problem 3) is negative if π1(P ) (or πˇ1(X), respectively) is polycyclic-by-ﬁnite. Indeed, in
[20, Corollaries 1 and 2] (see also [21, Theorem 1]) we proved that if P is a polyhedron with polycyclic-by-ﬁnite fundamental
group, then each sequence of CW-complexes with homotopy dominations
P  X1  X2 · · ·
contains only a ﬁnite number of dominations that are not homotopy equivalences.
4. Continua X such that Sh(X) = Shn(X), but Sh(X) = Shn−1(X)
By the same method we will obtain, for each integer n  3, examples of continua X satisfying Sh(X) = Shn(X), but
Sh(X) = Shn−1(X). This will resolve the Borsuk problem [5, Problem (34.7), p. 136] (i.e., Problem (5.5) from [11]).
In what follows, Gn will denote the direct sum of n copies of an Abelian group G .
Theorem 2. For each integer n 3, there exists a continuum X such that Sh(X) = Shn(X), but Sh(X) = Shn−1(X).
Proof. For each integer n 3, there exists a countable, torsion-free Abelian group G such that G ∼= Gn , but G  Gn−1.
This is a corollary to the theorem of A.L.S. Corner [10] stating that for an integer m ∈ N there exists a countable Abelian
group without torsion A such that the direct sum of n1 copies of A is isomorphic to the direct sum of n2 copies of A if and
only if m divides n1 − n2, where n1,n2 ∈ N (see [15, Theorem 91.6], cf. also [17, Chapter II.2, Exercise 11]).
Let X = χ(G). By the arguments as in the proof of Theorem 1, X is metrizable, compact, connected. Obviously, G ∼= χ(X).
From the Pontryagin duality, Hˇ1(X) ∼= χ(X) ∼= G = 0 (compare the proof of Theorem 1). Thus Sh(X) = 1.
Observe that Xn = (χ(G))n ∼= χ(Gn) and Xn−1 = (χ(G))n−1 ∼= χ(Gn−1) (see Preliminaries (6)).
Since G ∼= Gn , then clearly χ(G) ∼= χ(Gn). Thus X ∼= Xn as compact connected Abelian topological groups. Hence Sh(X) =
Shn(X) (cf. Remark 1(a)).
From the Pontryagin duality, Hˇ1(Xn−1) ∼= χ(Xn−1) ∼= Gn−1  G (cf. Preliminaries (1)). Therefore Sh(X) = Shn−1(X).
Another argument for the proof of the above statement is the following:
(∗∗) Let X = χ(G1), Y = χ(G2), and Sh(X) = Sh(Y ). Then G1 ∼= G2.
Indeed, since Sh(X) = Sh(Y ), then X ∼= Y as compact, connected, Abelian topological groups (see Remark 1(a)). Therefore
χ(X) ∼= χ(Y ).
We apply (∗∗) to X and Xn−1. It follows that G ∼= Gn−1, which is impossible.
This completes the proof. 
Remark 5. There also exists a countable, torsion-free, Abelian group G  0 such that G ∼= G2 (A.L.S. Corner [10], cf. [15, The-
orem 91.6]). Taking X = χ(G) for this group G , we obtain a continuum X satisfying Sh(X) = Sh2(X). Since Hˇ1(X) ∼= G = 0,
then obviously Sh(X) = 1 (compare (∗) in the proof of Theorem 1).
From the above theorem we obtain:
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This resolves in the negative the following problem of Borsuk ([5, Problem (34.7), p. 136], [11, Problem (5.5)]):
Problem. Suppose that Sh(X) = Shn(X), for some integer n 3. Is it true that Sh(X) = Sh2(X)?
Let us recall the question (for the pointed version, see [11, Problem (5.6)]):
Problem 5. Does there exists an X ∈ FANR such that Sh(X) = 1 and Sh(X) = Shn(X), for some integer n 2?
The following, natural problem is connected with the previous work of the author (for ANR’s it was stated by Borsuk
in [5] as Problem (34.10)):
Problem 6. Does there exist a polyhedron P with non-trivial homotopy type such that Pn  P , for some integer n 2?
A related question for ﬁnitely presented groups is also open:
Problem 7. Does there exist a ﬁnitely presented group G = 1 such that Gn ∼= G , for some integer n 2?
Remark 6. For n = 2 this question is included in [1, Problem (FP2)]. The answer is negative, for example, if G is Hopﬁan
(i.e., every epimorphism of G onto itself is an isomorphism). This is true, among others, for every polycyclic-by-ﬁnite group.
Indeed, it is known that every polycyclic-by-ﬁnite group is Hopﬁan (cf. the proof of Lemma 1 in [20]).
The example of a ﬁnitely generated group G satisfying G × G ∼= G was constructed by M. Tyrer-Jones in 1974 in [27].
Remark 7. It follows from the results of [20] or [21] that the solution to Problem 5 is negative if the fundamental group
of a polyhedron P is polycyclic-by-ﬁnite. The same is true for Problem 6 if the ﬁrst shape group πˇ1(X) of an X ∈ FANR is
polycyclic-by-ﬁnite (compare Remark 4).
Remark 8. The proofs of the Corner’s Theorems 91.5 and 91.6 from [15] that were used in the proofs of Theorems 1 and 2
are based on the other result of Corner (see [9], [15, Theorem 110.1]) that each countable reducible ring without torsion
with 1 is isomorphic to an endomorphism ring E(A) of some countable Abelian group without torsion A. The author expects
that another, new results on this subject (see, for example [8]) could be a source of another interesting examples.
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